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Introduction  
The flow and heat transfer due to stretching/shrinking surface has 

gained much attention due to its various applications in engineering such 
as extrusion processes, drawing of plastic films and wires etc., see Tadmor 
and Klein(1970). Work of Sakiadis (1961) and Crane (1970) are 
fundamental in this direction. Wang (1984) obtained analytic solution of 
three dimensional flow problem due to stretching flat surface. Viscous flow 
due to a shrinking sheet was considered by Miklavcicand Wang (2006). 
Review of Literature 

 Suction/injection plays significant role in boundary layers control. 
Also, it has a notable effect on rate of heat and mass transfer. Effect of 
suction/ blowing on heat and mass transfer on stretching surface was 
considered by Gupta and Gupta (1977), Chen and Char (1988). Fang and 
Zhang (2009) found closed form solution of MHD viscous flow over 
shrinking sheet. It is the fact that in viscous fluid flow, the molecules 
normally stick to the surface but when length scale is less than the mean 
free path of the molecules, the molecules slip at the wall and the no-slip 
boundary condition is no longer valid. 

Widely used slip model is 1
st
 order slip model also known as 

Maxwell slip model. Andersson and Wang (2002) considered first order slip 
flow past a stretching surface. Fang, Zhang and Yao (2010) analyzed slip 
magnetohydrodynamic viscous flow problem with suction/blowing over a 
shrinking sheet and obtained analytical solution. For high value of Knudsen 
number, it becomes difficult to predict 1

st
 order slip model. Wu(2008) gave 

a slip model valid for arbitrary Knudsen number. Later Fang and 
Aziz(2010), Fang et al. (2010) used this model in flow over 
stretching/shrinking sheet with suction/blowing. 

Nandeppanavar et al. (2012) studied second order slip flow and 
heat transfer over a stretching sheet with non-linear Navier boundary 
condition. Singh and Chamkha(2013) investigated dual solutions for 
second order slip flow on a vertical permeable shrinking sheet. Heat and 
mass transfer of MHD second order slip flow was discussed by 
Turkyilmazoglu(2013). Effects of second order slip on the flow of a 
fractional Maxwell MHD fluid was analyzed by Liu and Guo (2017) , also 
Majid (2018) analyzed activation energy with the second order slip 
condition. 

In all the studies mentioned above, second order slip model was 
taken with stretching/shrinking sheet in absence of external magnetic field 
and when the magnetic field considered, the study was done only for 
forced convection. 
 
 

Abstract 
In the present paper, MHD flow and heat transfer over vertical 

permeable stretching/shrinking sheet with second order slip is analyzed. 
The governing non-linear partial differential equations are transformed 
into ordinary differential equationsby similarity transformation and solved 
numerically using Runge-Kutta fourth order method with shooting 
technique. Effects of various physical quantities such as magnetic 
parameter, mixed convection parameter, suction parameter, first order 
slip, second order slip and Prandtl number on flowfield and heat transfer 
characteristic are presented through graphsand discussed numerically. 
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 Aim of the Study 
The objective of the present paper is to study 

MHD mixed convective flow and heat transfer along 
vertical permeable stretching sheet with second order 
slip. 
Formulation of the Problem 

Consider steady, two-dimensional laminar 
boundary layer slip flow of viscous incompressible 
electrically conducting fluidalong avertical permeable 
linearly stretching/shrinking sheet. The sheet is placed 
along 𝑥-axis and 𝑦-axis is normal to it. A uniform 

external magnetic field of strength 𝐵𝑜  is applied in the 
direction normal to the sheet. The linearly 
stretching/shrinking velocity and temperature of the 
sheet are 𝑈𝑤 (𝑥) = 𝑑𝑐𝑥 and 𝑇𝑤(𝑥) respecitvely. Under 

these conditions along with the Boussinesq 
approximation, equations governing the problem are 
given by  

 
Fig1: Physical model of the problem and coordinate 

system 
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subject to the boundary conditions  

 𝑢 = 𝑈𝑤 (𝑥) + 𝑢𝑠𝑙𝑖𝑝  , 𝑣 = 𝑣𝑤 ,   𝑇 = 𝑇𝑤 = 𝑇∞ + 𝑇𝑜𝑥  𝑎𝑡   𝑦 = 0;        

𝑢 → 0,   𝑇 → 𝑇∞   𝑎𝑠   𝑦 → ∞;                                                                  
 

           (4) 
where 𝑢 and 𝑣 are the velocity components 

along 𝑥 and 𝑦 directions respectively, 𝑔 is the 

acceleration due to gravity, 𝜈(=
𝜇

𝜌
) is the kinematic 

viscosity, 𝜇 is the coefficient of viscosity, 𝜌 is the 
density of the fluid, 𝜎 is the electrical conductivity, 𝛽 is 
the coefficient of the thermal expansion, 𝑇 is the fluid 
temperature, 𝜅 is the thermal conductivity, 𝐶𝑝 is the 

specific heat at constants pressure, 𝑇∞ is the ambient 
temperature. Further 𝑑 and  𝑐 are constants, where 𝑐 
is positive and 𝑑 is 1 for stretching and −1 for 

shrinking sheet. 𝑣𝑤 is the suction/injection velocity, 
𝑣𝑤 < 0 for suction and 𝑣𝑤 > 0 for injection,  
respectively. 𝑇𝑜 is the characteristic temperature with 

𝑇𝑜 > 0 for heated sheet(assisting flow) and 𝑇𝑜 < 0 for 
cooled sheet (opposing flow). 
 

𝑢𝑠𝑙𝑖𝑝 is the slip velocity (Wu (2008) and Fang et 

al.(2010)) at the sheet, given by 
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where 𝑙 = 𝑚𝑖𝑛(
1

𝐾𝑛
, 1), 𝛼 (0 ≤ 𝛼 ≤ 1) is the 

momentum accommodation coefficient and 휀( > 0) is 
molecular mean free path,also for any given value of 
Knudsen number (𝐾𝑛 ), we have 0 ≤ 𝑙 ≤ 1 and as a 
result A is positive and B is negative.  
Method of Solution 

To convert partial derivatives occurring in 
equations (1)-(3) with boundary conditions (4) into 
ordinary derivatives, we introduce the following 
similarity variables 

𝜂 = 𝑦 
𝑐

𝜈
,𝜓 =   𝑐𝜈𝑥𝑓(𝜂)and 𝜃 =

𝑇−𝑇∞

𝑇𝑤−𝑇∞

          (5) 

Such that𝑢 =
𝜕𝜓

𝜕𝑦
 and 𝑣 = −

𝜕𝜓

𝜕𝑥
. The equation 

of continuity (1) is automatically satisfied. Equations 
(2) and (3) are reduced to 

𝑓 ′′′ + 𝑓𝑓 ′′ − 𝑓′
2 −𝑀𝑓 ′ + 𝜆𝜃 = 0           (6) 

𝜃′′ + Pr 𝑓𝜃′ − 𝑓 ′𝜃 = 0              (7) 

with boundary conditions 

 𝑓 0 = 𝑆 , 𝑓 ′ 0 = 𝑑 + 𝛾𝑓 ′′ 0 + 𝛿𝑓 ′′′ 0     𝑎𝑛𝑑    𝜃 0 = 1 ;

𝑓 ′ 𝜂 → 0  𝑎𝑛𝑑  𝜃 𝜂 → 0  𝑎𝑠 𝜂 → ∞                                                 
 

      (8) 

where  𝑀 =
𝜎𝛽0

2

𝜌𝑐
  is magnetic parameter, 𝜆  =

𝐺𝑟𝑥

𝑅𝑒𝑥
2  is 

mixed convection parameter,𝐺𝑟𝑥  =  
𝑔𝛽 (𝑇𝑤−𝑇∞)𝑥 3

𝜈2   is the 

local Grashof number,𝑅𝑒𝑥  =
𝑈𝑤 (𝑥)𝑥

𝜗
  is the local 

Reynolds number, 𝑃𝑟  =
𝜈𝜌𝐶𝑝

𝜅
  is the Prandtl number, 

𝑆  = −
𝑣𝑤

 𝑐𝜗
  is suction/injection parameter (𝑆 > 0 for 

suction and 𝑆 < 0 for injection ), 𝛾  = 𝐴 
𝑐

𝜗
  is the first 

order slip parameter and 𝛿  = 𝐵
𝑐

𝜗
  is the second 

order slip parameter. In this paper only suction is 
considered which helps retaining the vorticity within 
the boundary layer and maintaining the laminar flow. 
Physical quantities of interest are Skin friction 
coefficient (𝐶𝑓) and Nusselt number (𝑁𝑢𝑥 ) 

𝐶𝑓 =
𝜏𝑤

𝜌𝑈𝑤
2   ,  𝑁𝑢𝑥 =

𝑥𝑞𝑤

𝜅(𝑇𝑤−𝑇∞ )
                                                                                                    

                          (9) 
where the wall shear stress 𝜏𝑤  and the heat flux at the 
wall 𝑞𝑤  are given by  

𝜏𝑤 = 𝜇  
𝜕𝑢

𝜕𝑦
 
𝑦=0

,𝑞𝑤 = −𝜅  
𝜕𝑇

𝜕𝑦
 
𝑦=0

 

Using similarity transformation (5) in (9), the skin 
friction coefficient and local Nusselt number reduced 
to  

𝐶𝑓𝑅𝑒𝑥
1/2

= 𝑓 ′′(0) , 𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 =  −𝜃′(0).     

      
Since equations (6) and (7) are highly nonlinear, 
these equations with boundary conditions (8) are 
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 converted into system of first order differential 
equations as given in (10) 

𝑓1
′ = 𝑓2 ,𝑓2

′ = 𝑓3 ,𝑓3
′ = −𝑓1𝑓3 + 𝑀𝑓2 + 𝑓2

2 − 𝜆𝑓4 ,𝑓4
′ =

𝑓5 ,𝑓5
′ = Pr 𝑓4𝑓2 − 𝑓1𝑓5 ,           

(10)  
and boundary conditions are 

 𝑓1 0 = 𝑆, 𝑓2 0 = 1 + 𝛾𝑓3 0 + 𝛿𝑓3
′ 0 , 𝑓4 0 = 1;

 and𝑓2 → 0,   𝑓4 → 0𝑎𝑠𝜂 → ∞                                     
    

            (11) 
Where  𝑓1 = 𝑓 and 𝑓4 = 𝜃. 

System of first order differential equations 
given in (10) is solved numerically by Runga-
Kutta(fourth order) method, but in (11) only three 
initial conditions are given. To overcome this problem 
shooting technique is used, the initial guesses for 
𝑓3(0) and 𝑓5(0) are assumed to be 𝑠1and 𝑠2. In order 

to validate the assumed values of 𝑠1and 𝑠2, calculated 
values of 𝑓2and 𝑓4 at the upper boundary (𝜂 → ∞) are 
compared with the values given in (11). The 
procedure is repeated until the results upto the 
desired degree of accuracy are obtained. 
Results and discussion 

Effects of various physical parameters on 
fluid velocity, fluid temperature, skin friction coefficient 
and Nusselt number are discussed in this section. 
Impact of these parameters for stretching sheet are 
presented through figure (2) to (7) and table1, while 
for shrinking sheet it is given by figures (8), (9) and 
table 2. 

Figure 2(a) and 2(b) represent that fluid 
velocity decreases and temperature increases with 
increasing magnetic parameter, as increasing 
magnetic parameter causes more Lorentz force which 
work against the motion of the fluid and retards it. Due 
to this both skin friction and Nusselt number decrease 
which can be verified from table1. 

If mixed convection parameter increases, 
fluid velocity increases while fluid temperature 
decreases as shown in figure 3(a) and 3(b). This is 
because, buoyancy effect enhances with increasing 
mixed convection parameter. 

Figure 4(a) and 4(b) represent that both fluid 
velocity and temperature decreases with increasing 
values of suction parameter. Some amount of fluid 
sucked by the wall due to suction parameter and 
when it is large more amount of fluid will be sucked 
and as result skin friction decreases and Nusselt 
number increases. 

Effect of first order slip parameter on fluid 
velocity and temperature are shown through figures 
5(a) and 5(b), from figure it is clear that fluid velocity 
decreases while temperature increases with 
enhancing first order slip parameter which result in 
thinning velocity boundary layer and thickening 
thermal boundary layer. 

There is similar effect of absolute value of 
second order slip parameter |𝛿|on fluid velocity and 
temperature as shown in figure 6(a) and 6(b). It is to 
be noted that variation in temperature profile due to 
change in both first and second order velocity slip 
parameters is very small. 

Figure 7 depicts the effect of Prandtl number 
on fluid temperature. When Prandtl number increases, 
kinematic viscosity dominates thermal diffusivity and 

as a result temperature of the fluid decreases and 
Nusselt number increases. 

Figures 8 and 9 illustrate the effect of first 
and second order velocity slip parameters on fluid 
velocity and fluid temperature for shrinking sheets. 
From the figures 8(a) and 9(a) it is clear that velocity 
boundary layer thickness decreases with increasing 
values of first order slip parameter 𝛾and absolute 
values of second order slip parameter|𝛿|.Effect of 

these two parameters on fluid temperature is shown 
through figures 8(b) and 9(b). There is very low 
impact of velocity slip parameters on temperature 
profile.As first order slip parameter 𝛾 or absolute 
values of second order slip parameter i.e. |𝛿| 
increases fluid temperature decreases. The effect of 
these parameter on fluid temperature for shrinking 
sheet are opposite to that of stretching sheet as seen 
in figure 5(b) and 6(b). 

Influence of these physical parameters on 
skin friction coefficient and Nusselt number are shown 
through table 1. From the numerical values given in 
the table it is clear that both skin friction coefficient 
and Nusselt number decreases with increasing values 
of magnetic parameter, while opposite impact is 
noticed for mixed convection parameter. When 
suction parameter increases skin friction coefficient 
decrease and Nusselt number increase. Nusselt 
number increases rapidly with increasing Prandtl 
number. As first order velocity slip parameter or 
absolute value of second order slip parameter 
increases both skin friction coefficient and Nusselt 
number decrease for stretching sheet while these 
parameters have opposite impact on Nusselt number 
for shrinking sheet. 
Conclusions 

A numerical study has been carried out on 
MHD flow and heat transfer along vertical permeable 
stretching/shrinking sheet in the presence of first and 
second order velocity slips. Some important findings 
from the present analysis are as follows: 
1. Increasing values of first order slip parameter 

and absolute values of second order slip 
parameter reduce the shear stress at the wall. 

2. Effect of first order velocity parameter and 
absolute value of second order slip parameter on 
Nusselt number are reverse for stretching and 
shrinking sheets respectively. 

3. Combination of mixed convection parameter and 
Prandtl number greatly affect the temperature 
gradient at the wall as well as in the fluid. 
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 Fig2a: Effect of Magnetic parameter (𝑴) 
onvelocity 𝒇′(𝜼) with 𝜼for stretching sheet when 

= 𝟎.𝟏, 𝒔 = 𝟐.𝟎,  𝜸 = 𝟏.𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig2b: Effect of Magnetic parameter(𝑴) on 

temperature 𝜽(𝜼) with 𝜼 for stretching sheet when 

𝝀 = 𝟎.𝟏, 𝒔 = 𝟐. 𝟎,  𝜸 = 𝟏.𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig3a: Effect of Mixed convection parameter (𝝀) 

on velocity 𝒇′(𝜼) with 𝜼 for stretching sheet when 
𝑴 = 𝟐. 𝟎, 𝒔 = 𝟐.𝟎,  𝜸 = 𝟏.𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 

Fig3b: Effect of Mixed convection parameter (𝝀) 
on temperature 𝜽(𝜼) with 𝜼 for stretching sheet 

when = 𝟐. 𝟎, 𝒔 = 𝟐.𝟎,  𝜸 = 𝟏.𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig4a: Effect of suction parameter(𝒔) on velocity 

𝒇′ (𝜼) with 𝜼 for stretching sheet when 𝑴 = 𝟐.𝟎,𝝀 =
𝟎.𝟏,  𝜸 = 𝟏.𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig4b: Effect of suction parameter (𝒔) on 

temperature 𝜽(𝜼) with 𝜼 for stretching sheet when 

𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝜸 = 𝟏.𝟎, 𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 
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 Fig5a: Effect of first order slip parameter(𝜸) on 
velocity 𝒇′ (𝜼) with 𝜼 for stretching sheet when 
𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝑺 = 𝟐. 𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig5b: Effect of first order slip parameter (𝜸) on 

temperature 𝜽(𝜼) with 𝜼 for stretching sheet when 
𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝑺 = 𝟐. 𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig6a: Effect of second order slip parameter (𝜹) 

on velocity 𝒇′(𝜼) with 𝜼 for stretching sheet when 
𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝒔 = 𝟐.𝟎,𝜸 = 𝟏.𝟎 and 𝑷𝒓=1. 

 
 

Fig6b: Effect of second order slip parameter (𝜹) 
on temperature 𝜽(𝜼) with 𝜼 for stretching sheet 

when 𝑴 = 𝟐.𝟎, 𝝀 = 𝟎. 𝟏,  𝒔 = 𝟐.𝟎,𝜸 = 𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig7: Effect of Prandtl number (𝑷𝒓) on 

temperature 𝜽(𝜼) with 𝜼 for stretching sheet when 

𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝒔 = 𝟐.𝟎,𝜸 = 𝟏.𝟎 and 𝜹 = −𝟏.𝟎. 

 
Fig 8a: Effect of first order slip parameter (𝜸) on 

velocity 𝒇′ (𝜼) with 𝜼 for shrinking sheet when 

𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝑺 = 𝟐. 𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 
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 Fig 8b: Effect of first order slip parameter (𝜸) on 
temperature 𝜽(𝜼) with 𝜼 for shrinking sheet when 
𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝑺 = 𝟐. 𝟎,𝜹 = −𝟏.𝟎 and 𝑷𝒓=1. 

 
Fig 9a: Effect of second order slip parameter (𝜹) 
on velocity 𝒇′(𝜼) with 𝜼 for shrinking sheet when 

𝑴 = 𝟐. 𝟎,𝝀 = 𝟎.𝟏,  𝒔 = 𝟐.𝟎,𝜸 = 𝟏.𝟎 and 𝑷𝒓=1. 

 

 
Fig 9b: Effect of second order slip parameter (𝜹) 

on temperature 𝜽(𝜼) with 𝜼 for shrinking sheet 
when 𝑴 = 𝟐.𝟎, 𝝀 = 𝟎. 𝟏,  𝒔 = 𝟐.𝟎,𝜸 = 𝟏.𝟎 and 𝑷𝒓=1.

 
 

Table 1: Numerical values of skin friction coefficient and Nusselt number for different values of physical 
parameters when d=1 (i.e. stretching sheet). 

M 𝝀 S 𝜸 𝜹 Pr 𝒇′′(𝟎) −𝜽′(𝟎) 

2 0.1 2.0 1 -1 1 0.25692846 2.043 

3      0.24249189 2.038 

4      0.23068997 2.028 

5      0.22083509 2.024 

2 0.1 2.0 1 -1 1 0.25692846 2.043 

 0.4     0.29963775 2.074 

 0.7     0.34293875 2.108 

 1.0     0.38594375 2.135 

2 0.1 2.0 1 -1 1 0.25692846 2.043 

  3.0    0.22151100 3.020 

  4.0    0.19084110 4.010 

  5.0    0.16595050 5.000 

2 0.1 2.0 1 -1 1 0.25692846 2.043 

   3   0.17327330 2.035 

   5   0.13063525 2.028 
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 2 0.1 2.0 1 -1 1 0.25692846 2.043 

    -3  0.12543938 2.025 

    -5  0.08956948 2.020 

2 0.1 2.0 1 -1 1 0.25692846 2.043 

     1.5 0. 25955971 3.050 

     2 0.26104291 4.050 

     2 0.26276848 6.060 

Table 2: Numerical values of skin friction coefficient and Nusselt number for different values of physical 
parameters when d=-1 (i.e. shrinking sheet). 

M 𝝀 S 𝜸 𝜹 Pr 𝒇′′(𝟎) −𝜽′(𝟎) 

2.0 0.2 2.0 1 -1 1 0.215465000 1.98400 

   2   0.172970600 1.99000 

   3   0.144507700 1.99400 

2.0 0.2 2.0 1 -1 1 0.215465000 1.98400 

    -1.5  0.14795320 1.994 

    -2.0  0.10751488 2.000 
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